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1. Fourier Series
2. Legendre polynomials
3. Spherical harmonics

4. Bessel functions



Fourier Series
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Solutions to the heat equation (diffusion PDE) as trigonometric series



Fourier Series

Approching a periodic signal by a sum of trigonometric functions
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Two representations of the signal
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Series coefficients c,

0.8

06r

Weight <,

0.4r

0.2

Ensemble of discrete sampled values {f{t,)} Ensemble of Fourier coefficients {c }



Fourier Series

period T/n
Complex form : t g2im
for a signal f(z) of period T f( n_z_mc“ @
Even functions : sum of cosines Odd functions * sum of sines
Cn = Cn Cpn = —C—p
a nt nt

f(t) = Qg + Z Gy, COS (2?r§) f(t) E by, sin (2,1.?)
On = CnF Con % =% b, = #(Cn — C—n)

> nt : nit
General case ; real form : f(t) = ag + Z Gn CO8 2?TT + by, 8in 2?1'?
n=1



Calculating the coefficients ¢,

_ o2imZk
¢“(t) =€ 7 weighting

/funcﬂon

T 1 ifn=m
« Key » relation : / @Q&“(t) Om(t) dt =
’ 0 ifn#m
. r1 _— o0
Calculate the integral i 7 f(t) b, (t) dt f(t) = ; Cpdp(t)

- [ = [E ¢(t)] Bul?) dt "l am
o T |20 = Za [ 7 4000

uniform convergence

Then : Cp = ‘/:1 % f(t) ¢n(t) dt




Fourier series and scalar product

Vectors (3D)

i = (u1,ug,ug) T = (v1,vs,vs)

Scalar product : U0 =Y uw
(bilinear, for u and v) é
2 vectors... 1 number
Norm : |@|? = @.@
(positive)

Orthogonality: #1477 <= #.0=10

Orthonormal base : (&, 9, £)
T.

Z.

B
Il

0
1

Decomposition :
@ = T + ugl + ugZ

with U = ﬂ,ﬁ;

Functions

f(t), g(t)

Scalar product: (f, g) = LT % f(t) g(t) dt

(suited to Fourier series)

Norm :

(F.5)= [ 7IF@)Pat

fand g are orthogonaliif — (f,g) =0
Orthonormal base : {¢.}
10 ifn#m
Gmdm) =1 itnem

Decomposition :

F(t) =2 cnnlt)
Cn = (.fs ‘f’m)

= Fourier series



Fourier series and Differential EQuations

(trigonometric series were intfroduced from Fourier work on PDE heat equation)

Harmonic oscillator equation  f" + w:f =0

, _2mn

with Wn =~
. : _ iwEE
2 independent solutions are  @u(t) = "7

and  G_n(t) = e 2 F

(PSPPI SIS I

Any solution is the superposition f (t) = k1¢n(t) + k’ﬂ‘}b—n(t)

Fourier base functions are associated with harmonic differential equation



Essential ideas on Fourier Series

= Periodic signal

= Can be expressed as a series of
trigonometric base functions (exp, cos, sin)

= Base functions are orthonormal, with respect to an
appropriate scalar product

= Coefs. of the series calculated as a scalar product
between the signal and each base function

= Base functions are solutions of a differential Eq.
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1. Fourier Series
2. Legendre polynomials
3. Spherical harmonics

4. Bessel functions



Legendre Polynomials .

Intfroduced by A.M. Legendre, 1784, « Recherches sur la figure des
planetes », mém. de I'académie royale des sciences de Paris

Gravitational potential o’rﬁ

Z A o
R
— GM
) R 7]
r’
o masz\i with :
: i Feost+ (5)
R—7|=R\/[1—2—=cosl + | =
N | | \/ Rccxs + 7
rro'
Introducing r = 7 and x = cosf

®(R) x| [1 — 2rz + ‘rz]_%

Generating function of Legendre Polynomials



o0
Taylor expansion at r=0: [1 — 2rz + rﬂ]'% z r"® Pp(z) with =1 €z <1
n=(0

Legentira Polmomlals

.Pg{#-) =1
Pizl==
Py(a) = 8" - 1)

(82" — 32

Pix) =

Recurrence relation :
(n+ 1) Pyyi(z) =

(2n + 1)z P, (z) — nPp—1(z)

Degree . n Parity : n

n distinct roofts in the interval [1-,1]



Fourier-Legendre series

1
Scalar product : (f.g) = ./—1 f(z) g(z) dz

(suited to Legendre polynomials)

Orthogonality :

1 1 0 if n % m
(Pum)=LIPm(m)Pm(w)m=n+%ém= ;r;n=m
AN

Not orthonormal !

Fourier-Legendre series (for a function f(x) square-summable on [-1,1]) :

f(z) = i tn Po(2)

Coefficient determination: ¢, = (n + %) (f,Fn) = (ﬂ; + %) f_ll f(z) Py(z)dz



Example of Fourier-Legendre reconsfruction
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Individual terms
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Individual terms

Nmax=6
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Individual terms
— Signal
Fourier-Legendre
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Fourier-Legendre coefficients

0.4 7

0.3 7

0.1 .

For an even signal : all odd ¢, vanish

In this example, 8 coefficients seem enough to reconstruct the signal



Error on the reconstruction : 1

Euclidean distance

Distance (Euclidian norm)
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Another example : f(x)=tan(x)

Residuals of the reconstruction

Reconstruction of tan(x) 1072 Q.

Distance (Euclidian norm)
@

o] 5 10 15 20 25

2 ! | ! ! Partial series (20 terms)

Fourier series
2r Fourier-Legendre

Comparison with Fourier series

signal
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The signal is periodized (period 2) i 05 0 05 1

Advantage to Fourier-Legendre (for this case)



Example in physics . gravitational potential of a uniform bar

Gravitational — A
potential : (r6) =G bar |7 — 7| iz

A=linear mass density

L2 Using the generating function of Legendre polynomials:

-t = L (E)
| S D (r) Pa(cos 6)

One finds easily :
®(r,0) = GAD_ Cap Pan(cosf)
n=()

Lﬁn+1
Cap =

(2n + 1) 22n p2n+l

This is a Fourier-Legendre expansion of the potential
(a.k.a. multipolar expansion)
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Essential ideas on Fourier-Legendre Series
= Signal defined on interval [-1,1]

= Can be expressed as a series of
Legendre polynomials (base functions)

= |Legendre polynomials are defined by Taylor
expansion of a characteristic function

= |Legendre poly's are orthogonal, with respect to an
appropriate scalar product

= Coefs. of the series calculated as a scalar product
between the signal and each polynom

= Polynoms are solutions of Legendre differential EqQ.

d

- [;;1 - f}%ﬁiﬁm} +n(n+1)Pa(z) = 0.
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Towards the Spherical Harmonics :
associated Legendre functions : P

d™
dxm™

Definition : FM(z) = (-1)"(1—2*)%

) (for m>0)

(l — m) 1:}!%

—<m<| -m _ (_1\™
b (=1) (I +m)!

if m=0: P{" = F — generalisation of Legendre polynomials

Orthogonality (same scalar product as P,)

Fixed m, different [ : Fixed [, different m :

2(l + m)!
(20 + 1) (I — m)!

(I +m)!
m (I — m)!

(B", B') = O (P B"™) =

5mm’



[=0: 1 polynom

) - P2} = ~4Pi()
Fila)=1 Pl(z) ==
L Pi@) =-(1-2")" °°

For a given /
there are 2/+1
possible P/

[=2: 5 "polynoms" °
2.5
Py () = & Fi(x) 2y
Pyi(x) = —4Py(x] st
P@m=46i-1) = '/
P}(x) = ~8a(1 - 2%)2 )
Of_
P2(x) = 3(1—2%) N
-1 -
1.?1

1

05

-0.5

[=1: 3 "polynoms"

-0.5

0.5

m=0
m=1
m=2




Spherical Harmonics

Back to the Newtonial potential :

o P

What if no azimuthal symmetry ¢

If azimuthal symmetry, the potential is a

function of rand 6 and can be

developped as a Fourier-Legendre

series ;

3(r,0) = 3 Ja(r) Bcost)
=0

function of r alone

The potential depends on the 3

AN

function of 6 alone

spherical coordinates (r,0,¢). Laplace
(1785) showed that a similar series

expansion can be made :

00 {

(r,0,0) = Y > _| Cim(r)

Y™, ¢)

=0 m==I




Spherical Harmonics

To find the functions C, (r) and Y"(6,¢), A

\ _ (Solutions are
say that the potential obey Laplace’s equation

- 0 « harmonic functions »)

204+ 1(l —m)!
dr (I +m)!

m img Spherical
F"(cos ) e Harmonics

and find : Y"™(0,¢) = \J

[.degree, m:order; -I<m<]|

The potential at the surface of a sphere (fixed r) is a 2D function £(6, ¢) which can
be developped as a series of spherical harmonics :

(v 4

o(r,0,0) = f(0,9) =3 3. amY"(6,9)

=0 m=-—{




Orthogonality and series expansion

Scalar product : (f,9) f f f(0,0)g(0,¢) sinf df do

(suited to Spherical harmonics)

Orthogonality : (y;", Y;:“") -,

orthonormal base

Series expansion for a function f(6,¢) on a sphere :

F6,0) =3 3 am Y0, 9)

=0 m==|

T pdw
Coefficient determination: @, = (f, ;™) = fg fn f(8,¢)Y™(8,¢) sinfdo do



Comparison : 1D (polar) and 2D (spherical)

In the plane : polar coordinates (7, ¢)

AY

f ¢

N

Function f(¢) with values on a circle r=C*

21 periodic in ¢

Fourier expansion

@) = 3 ench

n=—00

In space : spherical coordinates (r, 6,¢)

Function f(6,¢) with values on a sphere r=C*

27 periodic in ¢ and 6

Spherical harmonic expansion

f(0,¢) = i Zl: am Y™ (0, )

=0 m=—I



1 /1
First spherical harmonic ity =E\E (uniform)

Ylm(e,(b) - |I=0 m=0 ($=0)

s

38/66



m=-1
113 :
¥77H8, ) = =/ — sin@e™¥
1 1
2V 2w
Y@8) — 1=1 m=-1 (#=0)
0 (4]
0.5 5
1 1
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25 5
3 3L 1
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4]
0,050 _ i
3 2 1 [4] 1 2 3
1.5
1
0S5
b
0.5
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m=0
. 1 /5
lrel 'l“") - EJ; cosd
M) ~ =1 m=0 (#=0)

(e.m‘?)

L
g

n

indep. of ¢ : azimuthal symmetry

m=1

Y!(8.p) = _71 % sing e’

Y{BIP = =1 m=1

(& mfz}
002} j
: |
-0.02 i |
3 2 1 0 1 2 3

(¢=0)

o
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Different representation

I=1, m=0

-

0.8
0.6
0.4
oz
I=1, m=1 :
-0.2
0.4
-0.6
-0.8




1=2

m:'z m:_l m:O
a 116 2, 1 1716 . i Y2(8 )—1 E(3cc:m?ﬂ—1)
T (5':5“*‘)=1 Eﬂiﬂ e =¥ /e (ﬁ',s&‘)=§ Esmﬁ'mﬁe"“* a (@) =Ty
M0.4) - =2 m=2 ) (ffo) Y'0.4) ~ =2 m=-1 _6=0) Y'0.4) ~ =2 m=0 =0)
P |2;—5— . = - : ;20-24 042
xﬁmq (Uz:.@) ~ N , ) .(0-11#2) . . .

for positive m, use : ¥;"™(8,¢) = (=1)"Y;™(4,¢)



Symmetries of the spherical harmonics

m=0: azimuthal symmetry

Y;'(6,¢)

2 + —— Fi(cosf)

Spherical harmonic expansion becomes a Fourier-Legendre series of cos(6)

[+m even : symmeitry plane z=0

Y(e.4) - 1=2 m=2 Y[“(o.o; ~ =4 m=0

1
1.5

2
25

Adapted for series expansion of functions
having a symmetry plane

Parity in cos(6) -

[+m odd: anfi-symmetry plane z=0

m
Y'0.4) - =3 m=2 Y'e4) ~ =1 m=0

TR
uoq

-3 -2 -1

1 2

0
¢

Adapted for series expansion of functions
having a anti-symmetry plane

3



Harmonic Ym

m periods in direction ¢ (term ")
n - m node lines (Y,"=0) in direction 0

Large m or (I-m)
= small details

D
&
)

a
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s
L L)
AT

\
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Application to wide-field imagery : WMAP images

Figure 32: The CMB radiation temperature Auetuations from the S-year WMAP data
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Decomposition of the CMB signal on the ¥ 2000

Plot of coefficients |c, |* (averaged over m)
i.e. « angular power spec’rrum »
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Source : B. Terzic, a
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Application to wide-field imagery : WMAP images

=

/’/ ’/'/ _‘ﬂm

\

Cumulative image of the WMAP sky as incresing | numbers are summed

(For each |, all orders m are accumulated)
find.spa.umn.edu/~pryke/logbook/20000922/



Application to wide-field imagery : WMAP images

a2

/%}ﬂﬁ&

Cumulative image of the WMAP sky as incresing | numbers are summed

(For each |, all orders m are accumulated)
find.spa.umn.edu/~pryke/logbook/20000922/



Essential ideas on Spherical Harmonic expansion

= Signal depending on of 2 angular
spherical coord. (0,0)

= Can be expressed as a series of
spherical Harmonics Y (base functions)

= Y are orthonormal, with respect to an
appropriate scalar product

= Coefs. of the series calculated as a scalar product
between the signal and each V' |

- Ylm are connected to Laplace differential EqQ.
in spherical coordinates



Ecole BasMatfl
~ Bases mathématiques pour l'instrumentation et le traitement du signal en astronomie

~ Nice - Porquerolles, 1 - 5 Juin 2015

Representation of signals
as series of orthogonal functions

1. Fourier Series
2. Legendre polynomials
3. Spherical harmonics

4. Bessel functions



Bessel, 1824 memoir

« Untersuchung des Theils der planetarischen Stérungen,
welcher aus der Bewegung der Sonne entsteht »

« Examination of that part of the planetary disturbances,
which arises from the movement of the sun »

2a

A
v

Fourier series of the planet position r(z) :

r 2 X nt
E = 1"’%"’?12::1371 COS (27('?)

Sun Planet

«Bessel coefficient » :
€ 271'
g . excentricity B, =—— sinwu sin(nu — nesinu) du
T : orbital period nm.Jo



Bessel functions

Bessel's differential equation :

wzy" -+ :.Tt'zyJIF -+ (mz—nz)y = () (nis a constant)

we consider n integer here

Two base solutions : J (x) and Y (x)

VRN

15" kind 2"d kind



Bessel Functions of the 1st kind J (x)

1 .
! ! ! ! E E E N — Infinite
i i i i i i E i — 1 nUmber Of
5 _ g roots
. : : : : : E : — 4
] e i s s S S R 5
K ! .
0 T T i-\-.;ll- 1 1 -E Wl
05 i i | | I : : I |
0 2 4 & B 10 12 14 16 18 20
X
Regular forx ~0: Limit forx = o :

J (0)=0 for n>0,;J,(0)=1 = nr T
Jo(z) =~ 1/— COS (w— — = —)

J.(z) = 1 (;)n 2z

nl ~ damped sinudoid



Bessel Functions of the 2nd kind Y (x)

Bessel Functions of the Second Kind forv=0,1,234

Diverge afx = 0 Limit for x - oo :

Yu(z) = '@ (2)“ Y,(z) ~ \/% sin (w S %)

Yo(z) =~ 2 In (E)
m 2 damped sinudoid, phase-shifted with J,



Bessel Functions of the 1st kind J (x) (with n integer)

Series representation (n>0) :

)= 5 (2

= ml(m +n)!

T = (=1)"J,

Parity : n

J are the Fourier coefficients of the development :

- « sort of » generating function as
gtesing _ E In(z) ghe m) | defined forlegendre polynomials :
fit=—00 o0
[1—2rz+7r%"% = Y _r" Py(z)

n=(0

with
1 3
Jo(x) = 2—] giesing o—iné 44 Integral representation for J (x)
M J=-m
Compare with Bessel coefficient € 27

B, = sinu sin(nu — nesinu) du



Bessel functions in physics

1 dimension : harmonic oscillator

Differential equation :

" +uf=0

(1) . spring extension

Base solutions :

€

2 dimensions : membrane of a drum

Af +KEf=0

f(p,d) . membrane elevation

(temporal
dependence in ¢iv)

Base solutions :

fmn(ﬂs Qb) = Jn(k‘mf?) e? « mode »

(p,9) :|polar coordinates
(m,n) . integers

General solution :
linear combination of modes f, (p,¢)

Bessel function generally appear in polar (2D) or cylindrical (3D) coordinates



Series expansions involving Bessel functions :

Neumann series A reference book about
o Bessel functions (800 pages)
f(z) = E G Jn(Z)
oot A TREATISE
| | ON THE
(can be generadlized to real indexes J ) THEORY OF
BESSEL
Convenient for expansions on [-oo, +oo] FUNCTIONS

Fourier-Bessel series

Cam br.l'd'gﬂ Mathematical Library
[ e |

F(@) = 3 eu Jy(anp)

n=1 Convenient for expansions on [0,1]
with boundary condition at x=1

a,, is the n" positive root of J,



Neumann series

Example : / Fourier series for ¢ (x=Cte)
efmsinq& _ f J (.’JI) eéﬁe-qi
- T

n==—00 T Neumann series for x (¢p=Cte)

Partial sum of J (]

1.8
If g=0 1
n8r
(o] 0.6-
L= 2. Jalz) | [

f=—00 — Nmax= 58

— Nmax=10
— Nmax=12

YN )X
Nmax=14
Or | ——Nmax=16 ‘ 7
— Nmax=13
0.2 V'
é ‘IIO ‘II2 ‘I|4 ‘I|6 ‘IIS a2

021

-0.2r- — Nmax=20

0

0.4 | | |

X



Drum modes and Fourier-Bessel series

Base solutions :

fmm(ﬂs‘ﬁ) = Jn.(kp) e

Must satisfy £ (R)=0 [1¢ (lboundary condifion) :

R : radius of the drum =) R is a root of J,

o o0 r
General solution is : f(ﬂ! fﬁ) = Z z AﬂmJﬂ (aﬂm_) eéﬂé

n=—00 m=1 R

o is the m™ root of J, J

nm

Fourier-Bessel expansion Fourier series for ¢
for x=r/R

Single term (n, m) . «modey



Drum vibration modes

— 2nd zero m=3 31d zero
ofJ ofJ
A, J (e, /R) Ay, Jy(ay, ¥/R) Ay; Jy(ay; ¥/R)
m:] st zero m:2 m:3
of J,
n=1
(real part)
A,,J,(a;; ¥/R) cos ¢ A,,J,(a;, 7/R) cos ¢ A,;J,(a;;1/R) cos ¢
_ 15" zero
m=1 i m=2 m=3
n=2
(real part)

A,, J,(ay; ¥/R) cos 2¢ A,, J,(ay, ¥/R) cos 2¢ A, Jy(a,;1/R) cos 2¢

SéUrée Wikipedia



Orthogonality and Fourier-Bessel expansion

1
Scalar product : (f,g) = /u z f(z) g(x) dz

Orthogonality :

(Jn(ame) Jn(apz)) = ,/;_. leﬂ(amw) Jo(apz)dz = 22 )Em

.

Fourier-Bessel series (in the interval [0,1]) :

0.5 S I

flz) = Z Cm Jn ()

Coefficient determination :

Cm = mf z f(z) Jo(omz) do )
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06

041

02F

0.2r

Example of Fourier-Bessel reconstruction

Partial sum - Nmax=1

— Signal

— FB series 1

| | | |
0 0.2 0.4 0.6 0.8

X

Signal: ~ f(z) = e~ cos (3% )

(null at x=1)

Nmaa

Expansion on J,'s : z Cm Ju(ﬂmm)
m=1

0.4

03

0.2r

01

_O‘I -

-0.2

Individual terms - Nmax=1

| | | |
0 0.2 0.4 0.6 0.8 1

First term m=1
c, J()(al X)

a,=2.4048
¢,=-0.027



Partial sum - Nmax=2 Individual terms - Nmax=2

—Signal ||
— FB series

02 I \ I I

Individual terms m=1,2

o, =2.4048 0,=5.5201
¢,=-0.027 ¢,=0.389

Nmaa

Expansion on J,'s : z Cm Ju(ﬂmm)

m=1



Partial sum - Nmax=3 Individual terms - Nmax=3

—Signal ||
— FB series

0.2 I ! I I

Individual terms m=1,2,3

Nmm

Expansionon J,'s : E Cm Jo(Om®)

m=1



Partial sum - Nmax=4 Individual terms - Nmax=4

Signal

— FB series

0.° \ \ \ \

Individual terms m=1,2,3,4

Nmm

Expansionon J,'s : E Cm Jo(Om®)

m=1



Partial sum - Nmax=20 Individual terms - Nmax=20

I ‘ I : . 04 T T T
— Signal

— FB series 1

02 | I I I

Individual terms m=1 to 20

Nmaa

Expansion on J,'s : z Cm Ju(ﬂmm)

m=1



Results of the
reconstruction

Residuals of the reconstruction

I

o — Interval [0,1]

Fourier-Besseal coefficients

0.35

0.3

0.25

0.05

10

Distance (Euclidian norm)

—_
o

10

S interval [0.1,1]

Partial sum - Nmax=20

— Signal ‘
T Error is dominated

FB series"
0.8 N\ i
by low x values

T\ |

04r \ 1

0.2 N\

20



Essential ideas :

= Signal or function defined on an interval

= Can be expressed as a sum of
orthogonal base functions

= Need for a scalar product
(depends on the base functions)

= Base functions defined by a differential EqQ.
or a characteristic function

= Choice of the base :
free or induced by the physics



